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A s  a  r e s u l t  of mutual  c o l l i s i o n s  t h a t  a r e  f r e q u e n t  

on a  g e o l o g i c  t i m e  s c a l e  the mass d i s t r i b u t i o n  of a s t e r o i d s  

undergoes c o n s t a n t  change. None the less ,  f o r  an a r b i t r a r y  range  

of a s t e r o i d  masses the d i s t r i b u t i o n  can  b e  f a i t h f u l l y  r e p r e s e n t e d  

by t h e  s o l u t i o n  of a  s t e a d y  s t a t e  approximat ion  of t h e  s t o c h a s t i c  

e q u a t i o n  t h a t  d e s c r i b e s  the  e v o l u t i o n  o f  t h e  a s t e r o i d  p o p u l a t i o n .  

For such a mass range  a power l a w  w i t h  i n d e x  %11/6, o b t a i n e d  

e a r l i e r  by t h e  wr i te r ,  i s  shown t o  b e  t h e  on ly  t e rm l e f t  s f  a 

convergent power s e r i e s  expans ion s o l v i n g  t h e  s t e a d y  s t a t e  e q u a t i o n ,  

and i s  kkaerefsre u n i q u e ,  The approximate  s t e a d y  s t a t e  s o l u t i o n  

f a i l s  f o r  t h e  l a r g e s t  a s t e r o i d s :  t h e s e  a r e  broken up by c o l l i s i o n s  

w i ~ o u t  b e i n g  r e p l e n i s h e d ,  For a s t e r o i d s  i n  t h i s  mass range  an 

approximate t i m e  dependent s o l u t i o n  is o b t a i n e d ,  which a s y m p t o t i c a l % y  

approaches the s o l u t i o n  v a l i d  f o r  the Lower mass range,  This t ime 
- 
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l a b o r a t o r y  exper i rnen ts  w i t h  semi-inf  i n i t e  b a s a l t  t a r g e t s  , 

impacted by h igh  v e l o c i t y  p r o j e c t i l e s .  The good agreement  

of t h e  t h e o r e t i c a l  p r e d i c t i o n s  w i t h  o b s e r v a t i o n s  i n  t h e  

a c c e s s i b l e  mass range  l ends  conf idence  i n  t h e  v a l i d i t y  of 

t h e  s t o c h a s t i c  model. The cosmolog ica l  i m p l i c a t i o n  i s  t h a t  

t h e  p r e s e n t  d i s t r i b u t i o n  of a s t e r o i d s  i s  n o t  l i k e l y  t o  r e v e a l  

much abou t  t h e  o r i g i n a l  d i s t r i b u t i o n ,  s i n c e  t h e  l a t t e r  h a s  been 

a l t e r e d  beyond r e c o g n i t i o n  by t h e  f r e q u e n t  o c c u r r e n c e  of  random 

i n e l a s t i c  c o l l i  s; -2s. 
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Sue'EcT: Mass Distribution of Asteroids 

Case 3 4 0  

TECHNICAL MEMORANDUM 

1 - 0  INTRODUCTION 

T h i s  p a p e r  i s  t h e  c o n t i n u a t i o n  o f  a  s t u d y  

under taken  by t h e  w r i t e r ,  i n  an e f f o r t  t o  model some o f  

the p h y s i c a l  p r o c e s s e s  t h a t  have g i v e n  rise t o  t h e  observed 

s i z e  d i s t r i b u t i o n  o f  s t r a y  b o d i e s  i n  t h e  a s t e r o i d a l  b e l t .  

I n t e r e s t  i n  t h i s  problem i s  due t o  a d e s i r e  t o  g a i n  i n s i g h t  

i n t o  t h e  o r i g i n  of  a s t e r o i d s  and t o  e s t i m a t e  t h e i r  d i s t r i b u t i o n  

i n  s i z e  r anges  t o o  s m a l l  t o  be t e l e s c o p i c a l l y  observed,  

En a  p r e v i o u s  s t u d y  (Dohnanyi, 1 9 6 9 ) ,  which w i l l  

be r e f e r r e d  t o  a s  D - I ,  a  s t o c h a s t i c  model of  a s t e r o i d a l  

c o % l i s i o n s  was fo rmula ted  i n  t h e  form o f  a  d i f f e r e n t i a l  e q u a t i o n  

d e f i n i n g  t h e  r a t e  a t  whish the  number d e n s i t y  o f  a s t e r o i d s ,  i n  

a g iven m a s s  r ange ,  changes i n  t i m e  because o f  i n e l a s t i c  

c o l l i s i o n s ,  which break up some o b j e c t s  b u t  c r e a t e  many c o l l i -  

s i o n a l  fragsnents ,  D - I  i s  t h e r e f o r e  seen  t o  be more d e t a i l e d  

than earlier p a r t i c l e s - i n - t h e - b o x  c a l c u l a t i o n s  ( c f  Jones ,  1968; 

Piotrswski, $9531 ,  which d i d  no& i n c l u d e  t h e  % r a p e n t a t i o n  

process, D - 1  is furthe-more complementary to s t u d i e s  of the 

statistics 3% asteroidal orbits (see Wetherill, 1 9 6 9 ,  f o r  r e v i e w  



and r e f e r e n c e s )  as w e l l  a s  s t a t i s t i c a l  s t u d i e s  based  on t h e  

astronomy of i n d i v i d u a l  a s t e r o i d s  (Anders,  1965, Hartmann 

and Hartmann, 1 9 6 8 ) .  

A p a r t i c u l a r  s o l u t i o n  t o  t h e  a s t e r o i d a l  number 

d e n s i t y  was o b t a i n e d  i n  D - I .  T h i s  s o l u t i o n  i s  v a l i d  f o r  

a s t e r o i d s  whose masses are f a r  away from t h e  l i m i t i n g  l a r g e s t  

and smallest masses o f  t h e  d i s t r i b u t i o n ,  p rov ided  t h a t  t h e  pop- 

u l a t i o n  of  a s t e r o i d s  h a s  r eached  a  s t e a d y  s t a t e  d i s t r i b u t i o n  

under t h e  a c t i o n  of mutual  c o l l i s i o n s .  T h i s  s o l u t i o n  has  t h e  

s imple  form of  

f (m)  dm = Am-" dm, a 2 11/6 (1.1) 

where f ( m ) d m  i s  t h e  number of a s t e r o i d s  p e r  u n i t  volume hav ing  

masses i n  t h e  range  of  m t o  m + dm. 

In  t h i s  paper  w e  have made a  s l i g h t  change i n  t h e  

mathemat ica l  modeling o f  t h e  f r a g m e n t a t i o n  p r o c e s s  ( D - I ) ,  which 

r e s u l t s  i n  an improved p h y s i c a l  model and s i m p l e r  mathematics .  

We t h e n  d i s c u s s  some of t h e  asympto t i c  p r o p e r t i e s  f o r  long  

t i m e s  i n  t h e  model, and show t h a t  eq .  1.1 i s  t h e  on ly  s t e a d k  

s t a t e  s o l u t i o n  expandable  i n  a  power series i n  m f a r  away 

from t h e  l i m i t i n g  masses of  t h e  d i s t r i b u t i o n .  We consequen t ly  

o b t a i n  an  approximate s o l u t i o n  f o r  t h e  d i s t r i b u t i o n  of  l a r g e  

a s t e r o i d s  w i t h  masses n e a r  t h e  l i m i t i n g  l a r g e s t  mass of t h e  

p o p u l a t i o n ,  

2,0 OBSERVATIONAL EVIDENCE 

The o l ~ s e r v a t i o n a l  material on a s t e r o i d s  we shall 

d i s c u s s  i s  p r e s e n t e d  i r r  F ig ,  1, P l o t t e d  i n  this f i g u r e  a r e  



cumula t ive  number of observed asteroids (solid h i s t o y r a n )  as 

w e l l  a s  t h e  p r o b a b l e  t r u e  number of a s t e r o i d s  ( d a s h e d - l i n e  

h i s togram)  v e r s u s  a b s o l u t e  pho tograph ic  magnitude g ,  a s  g i v e n  

by Kuiper  e t  a 1  (1958) .  The curve  of  Kuiper  e t  a 1  i s  complete 

up t o  g  = 9 . 5 ;  i . e . ,  t h e  observed number of t h e s e  o b j e c t s  i s  

b e l i e v e d  t o  e q u a l  t h e  t r u e  number. Above g  9 .5  t h e  d i f f e r e n c e  

between t h e  t r u e  and t h e  observed number of a s t e r o i d s  beg ins  

t o  i n c r e a s e  owing t o  s e l e c t i o n  e f f e c t s .  The d a s h e d - l i n e  

h i s togram i s  t h e  p robab le  number of  a s t e r o i d s  de termined by 

us ing  t h e  "comple teness"  f a c t o r s  of Kuiper e t  a 1  (1958) .  

These a u t h o r s  have t a b u l a t e d  t h e  maximum and minimum p r o b a b l e  

numbers of a s t e r o i d s , a n d  t h e  d a s h e d - l i n e  h i s togram i n  F i g u r e  1 

i s  t h e i r  mean. A mass s c a l e ,  based  on a m a t e r i a l  d e n s i t y  of 

3 3 . 5  x 10 ~ ~ / m ~  f o r  s p h e r i c a l  a s t e r o i d s  w i t h  an a lbedo  of  . 2  

( D - I ) , g i v e s  a  nominal r e l a t i o n  between t h e  mass m ( K g )  and 

a b s o l u t e  pho tograph ic  magnitude: 

1oglOm = 2 2 . 6 7  - 0.6g. ( 2 . 1 )  

Th i s  mass s c a l e  i s  a l s o  i n d i c a t e d  i n  F i g .  1. 

The s o l i d  cu rve  i n  F i g .  1 i s  t h e  cumula t ive  number 

N (M) of  a s t e r o i d s  h e a v i e r  t h a n  PI, 

N (PI) = f (m)dm. 

a s  a function of  mass M (or  g) o b t a i n e d  i n  D - I .  I n  t h a t  paper 

we took M w  = 1.86 x lo2' Kg corresponding to g = 4 and 

i trj 2.5') 10~~,-1.837 !2,3j 



The exponent on m was o b t a i n e d  t h e o r e t i c a l l y .  and t h e  numerical 

( n o r m a l i z a t i o n )  f a c t o r  i s  e m p i r i c a l .  I t  can b e  s e e n  from 

F i g u r e  l t h a t  t h e r e  i s  c l o s e  agreement  between t h e o r y  and 

exper iment .  

The t h e o r e t i c a l  formula  (eq .  2.3) w a s  d e r i v e d  o n l y  

f o r  masses m 

m < < M m ,  o r  g > >  4 

where film i s  t h e  l a r g e s t  mass p r e s e n t .  Fur the rmore ,  t h e  

uniqueness  of t h e  r e s u l t  of Eq 2 .3  was n o t  examined,nor was 

t h e  e f f e c t  on t h e  a s t e r o i d a l  p o p u l a t i o n  of t h e  d e p l e t i o n  

of l a r g e  a s t e r o i d s  by c o l l i s i o n s  ana lyzed  q u a n t i t a t i v e l y .  

The purpose  of  t h e  p r e s e n t  s t u d y  i s ,  t h e r e f o r e ,  t o  examine 

t h e  un iqueness  o f  Eq. 2.3 a s  w e l l  a s  t h e  a p p l i c a b i l i t y  o f  t h i s  

e q u a t i o n  t o  t h e  d i s t r i b u t i o n  of  l a r g e  a s t e r o i d s .  

3.0 C O L L E S I O N A L  MODEL 

3 . 1  C o l l i s i o n  Equat ion  

The a s t e r o i d  b e l t  c o n t a i n s  o v e r  1 ,600  c a t a l o g u e d  

a s t e r o i d s ;  i t  is g e n e r a l l y  assumed t h a t  i t  c o n t a i n s  many more 

s m a l l e r  ones  t h a t  canno t  o r  have n o t  been t e l e s c o p i c a l l y  

d e t e c t e d  because  t h e y  a r e  n o t  b r i g h t  enough. P t  has  been 

e s t i m a t e d  (See e , g . ,  P i o t r o w s k i ,  1953) t h a t  c o l l i s i o n s  between 

asteroids m u s t  be f r e q u e n t ,  when measured on an  a s t r o n o m i c a l  

time scale ,  

Collisions between asteroids must undoubtedly affect 

t h e i r  mass distribution, In order to see how t h i s  occursp 



one may regard '$hear! ds I I ~ Q I ~ L > C U ; ~ ~ ~ S  i n  a box and t h e n  w e  t h e  

methods of k i n e t i c  theory  o t  gases  i n s o f a r  a s  they  apply .  

This  has been discussed i n  D-I, where an equa t ion  was derived 

f o r  t h e  n u d e r  d e n s i t y  of a s t e r o i d s  a s  t h e i r  popula t ion  evolves  

under t h e  i n f l u e n c e  s f  c o l l i s i o n s .  

Let. f (m, t )dm be t h e  number d e n s i t y  p e r  u n i t  v s l m e  

of space  of asteroids having a  mass i n  t h e  range m to m + d m  a t  

a time t, Assuming uniform s p a t i a l  d i s t r i b u t i o n  wi th in  t h e  

a s t e r o i d  b e l t ,  it can be shown t h a t  t h e  i n f l u e n c e  of e o l l i s i s n s  

on t h e  nuPober d e n s i t y  f (m,%)  can be expressed a s  t h e  sm 

c a t a s t r o p h i c  
CAI 'I S = i  A F C  

where a f / a t  is  t h e  rate a t  which t h e  number d e n s i t y  s f  t h e  

a s t e r o i d s  changes because of c o l l i s i o n s .  

The f irst  term on t h e  r i g h t  hand s i d e  of t h i s  equa t ion  

i s  t h e  c o n t r i b u t i o n  s f  t h e  e r o s i v e  reduc t ion  i n  t h e  p a r t i c l e  

masses, W e  d e f i n e  erosive c o l l i s i o n s  a s  c o l l i s i o n s  where t h e  

small p r o j e c t i l e  p a r t i c l e  is  t o o  smal l  t o  c a t a s t r o p h i c a l l y  

disrupt the larger target a b j e c t .  The r e s u l t  of such a c o l l i s i o n  

is then t h e  removal of some mass from t h e  t a r g e t  ob jec t  by 

e e a ter  ine3 

Ti i B l e  s e ~ ~ , n d  t e x m  orz the right hand side of Eq, 3 ,  k 

is the I eciua:t~o&i sate rcdxae do catas t rophic  c o l L i s i o ~ ~ s  ii:: w h i c h #  

i n  ckddilli.)~~ io ca r ~ a t e ~  c l a t  t i le  s i t e  of i~rrp~"ir;t 1-~y c; s n 1 a i . l  pro- 

jectile, a S P ~ I L I  J s de tached  front the opposite side o f  the larger 



target object. This definition is more detailed than that 

used in B-1 and reflects new information on this process 

provided by recent experiments (Gault and Wedekind, 1969). 

The last term on the right hand side of Eq. 2.1 denotes 

the contribution of particle creation by the fragmentation 

of larger objects; it is the number of fragments in a mass 

range m to m + dm created per unit volume and unit time by 

both the erosive and catastrophic fragmentation of larger 

colliding objects. 

3.2 Simplified Model for Fragmentation 

We shall derive here an explicit expression for the 

term a f /  atcreation in Eq. 3.1. We shall revise slightly the 

earlier physical model, employed in D - I ,  and obtain a simpler 

mathematical formulation. 

Using experimental results by Gault et a1 (1963), 

the following crushing law for the mass distribution of fragments 

produced during impact was assumed in D-I. 

g (m;~i,~~)dm = c (~,~~)m-'dm (3.2) 

where g(m:M,F2)dm is the number of fragments in the mass range 

m to m + dm produced when a projectile of mass M impacts a larger 

target mass My For rl = constant < 2 and from mass conservation 

during collisions it foPiows that 

C = (2-77) M M n-2 ( 3 , 3 )  
e b  

where PI is the t o t 8  i e jeeted in,,c;.; and !\< i s  the l a m  L Li 1 1 t j  ~ I I ~ S S  c3 i ,  

of the Largest f raqnent ,  



I n  D-4 we assumed t h a t  Mb i s  p r o p o r t i o n a l  t o  t h e  mass 

of  t h e  p r o j e c t i l e  p a r t i c l e .  W e  now assume, more c o r r e c t l y ,  

t h a t  Mb i s  p r o p o r t i o n a l  i n  c a t a s t r o p h i c  c o l l i s i o n s  t o  t h e  mass 

M of  t h e  l a r g e r  c o l l i d i n g  o b j e c t  and i n  e r o s i v e  c o l l i s i o n s  2 

t o  t h e  t o t a l  e j e c t e d  mass produced d u r i n g  impact .  

Mb = Me/he ( e r o s i v e  c o l l i s i o n s )  ( 3 . 4 )  

Mb = M 2 / h  ( c a t a s t r o p h i c  c o l l i s i o n s )  

where X and X e  a r e  c o n s t a n t s  t o  b e  de termined by exper iment .  

I n  te rms of t h e  n o t a t i o n  of D-I, 

h e  = r / ~  ( 3 . 4 a )  

where r i s  t h e  t o t a l  mass o f  f ragments  c r a t e r e d  o u t  by a 

p r o j e c t i l e  w i t h  u n i t  mass and A i s  a c o n s t a n t .  

The comminution law, E q .  3 . 2 ,  i s  based on exper iments  

by G a u l t ,  e t  a l e ,  (1963) who f i r e d  h i g h - v e l o c i t y  p r o j e c t i l e s  

i n t o  e f f e c t i v e l y  s e m i - i n f i n i t e  b l o c k s  of b a s a l t .  They found 

a  v a l u e  f o r  II of  approximate ly  1 . 8  + - 0 . 1  and t h e r e f o r e  t h e  approximate  

form o f  C ( M , M 2 )  i n  Eg. 3 .3  f o r  r 1 < 2  i s  j u s t i f i e d .  

More r e c e n t l y ,  G a u l t  and Wedekind (1969) f i r e d  h i g h  

v e l o c i t y  p r o j e c t i l e s  i n t o  " f i n i t e "  g l a s s  s p h e r e s .  They found 

t h a t  t h e  r e s u l t i n g  f ragments ,  i n c l u d i n g  t h e  "core"  were d i s -  

t r i b u t e d  a c c o r d i n g  t o  0 1.7'. While g l a s s  has  g e n e r a l l y  d i f -  

f e r e n t  p r o p e r t i e s  from b a s a l t ,  i t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  

high velocity impact exper imen t s  w i t h  effectively s e m i - i n f  i n i t e  

q l a s s  targets, r epo r t ed  i n  the same paper, y i e l d e d  a v a i u ~  of 

r? L , 8 ,  j ~ ~ s t  l i k e  b a s a l t ,  



These authors a l s o  found t h a t  a t  a  c e r t a i n  threshold 

impact  ene rgy ,  a  s p a l l  f ragment  was formed and " e j e c t e d "  i n  

a d d i t i o n  t o  t h e  o r d i n a r y ,  e r o s i v e ,  c r a t e r i n g  p r o c e s s .  Such a  

s p a l l  forms a t  t h e  s u r f a c e  of  t h e  s p h e r e  o p p o s i t e  t h e  p o i n t  o f  

impac t ,  above t h e  t h r e s h o l d  of an observed impact  energy of 

abou t  l o b  erg/gram f o r  s i n g l e - p i e c e  g l a s s  s p h e r e s .  

W e  now proceed w i t h  t h e  d e r i v a t i o n  of o u r  f r a g m e n t a t i o n  

model. The number of c o l l i s i o n s  p e r  u n i t  volume of  s p a c e  and 

2  u n i t  t i m e ,  6 n  between s p h e r i c a l  p a r t i c l e s  w i t h  masses i n  t h e  

range  M t o  M1 + dM1 and W E  t o  M2 + dM2 i s  ( c f . ,  ~ o h n a n y i  1 9 6 9 ) :  1 

where 

K = (3n1'2/4p 2 ' 3 ~  

1 /3  
w i t h  t h e  e f f e c t i v e  encoun te r  v e l o c i t y .  K (M1 

1 / 3 ) 2  is 
+ M2 

t h e  p r o d u c t  of  t h e  g e o m e t r i c a l  c o l l i s i o n  c r o s s  s e c t i o n  of two 

s p h e r i c a l  p a r t i c l e s  w i t h  masses MI and M2 and t h e i r  encoun te r  

v e l o c i t y ,  

The t o t a l  e j e c t e d  mass Me when two o b j e c t s  wi th  masses 

M1 and PI2 c o l l i d e  c a t a s t r o p h i c a l l y ,  i s  

M e = f l  1 + M * .  ( 3 . 7 )  

Combining this w i t h  E q .  3 .2 - 3 .4  and 3 .5 ,  w e  o b t a i n  

er of f ragments  i n  a  mass ranue  m t o  m + dm c r e a t e d  

per u n l t  time and volume by catastrophic coXLisions between 

masses in the rancje HI to M 4_ i d M i  and E n 2  to .M 2 + dE12 (with M i > M 1 ) .  



BELLCOMM, I N C .  

This is: 

f(M1,t) m1 f (M2*t)m2 

and holds for 

since rn cannot exceed the mass of the largest fragment produced 

by the catastrophic collision of MI with M2. (cf Eq. 2.4) . 
Integrating expression 3.8 over all permissible 

masses M2 and MI, we obtain the positive contribution of 

fragmentation to af/at: 

L 

a f (m, t) 
= K(2-rl) A 2-Q m-rl 

d"2 dM1 at creation 

Here Mm is the limiting mass of the largest asteroid present 

and, l/rf is the mass of the smallest projectile capable 

of catastrophically disrupting a target object of unit mass (cf D-I). 

3.3  

The explicit mathematical form of E q ,  3.1 has 

been given in B - I ,  In the previous section of this paper, we 

have modified the c r e a t i o n  by fragmentation t e r m  f o r  the 

c a t a s t r o p h i c  process, T l ~ u s ,  repfacing t h a ~  term as given in 

1)-I by E q ,  3 - 1 0  and r ep l ac ing  A by T/A, ( E g .  3 - 4 9 ]  in D-1's 



expression for particle creation by erosive collisions, we 

o b t a i n :  

- - a [f ( m ,  t )  (dm/dt) I + K ( 2 - Q )  r ~ - 1 - 1 ~ 2 - r - 1  m - ~  
am 

The f i r s t  two t e r m s  on t h e  r i g h t  hand s i d e  of t h i s  

e q u a t i o n  a r e  t h e  c o n t r i b u t i o n s  of c a t a s t r o p h i c  p r o c e s s e s  and t h e  

P a s t  two a r e  t h e  c o n t r i b u t i o n s  of t h e  e r o s i v e  c o l l i s i o n s .  The 

f i r s t  t e r m  on t h e  r i g h t  hand s i d e  of  E q .  3 .11  i s  t h e  r a t e  p e r  

u n i t  volume a t  which o b j e c t s  i n  t h e  mass range  m t o  rn + d m  a r e  

destroyed by c a t a s t r o p h i c  c o l l i s i o n s  and t h e  second term i s  

the rate per u n i t  volume at w h i c h  objects i n  t h i s  mass range are 



c r e a t e d  by t h e  f r a g m e n t a t i o n  of colliding larger o k l ] e c i s ,  

The t h i r d  t e r m ,  on t h e  r i g h t  hand s i d e  of E q .  3 . 1 1 ,  

i s  t h e  r a t e  p e r  u n i t  volume a t  which t h e  number of o b j e c t s  i n  

t h e  r e l e v a n t  mass range  i s  changing because  t h e i r  mass changes 

i n  t i m e  a s  a  r e s u l t  of e r o s i v e  c o l l i s i o n s .  

The r a t e  o f  mass change,  dm/dt, of  an o b j e c t  because  

of  e r o s i o n  i s  (D-I), 

H e r e  r i s  t h e  mass c r a t e r e d  o u t  by an e r o s i v e  p a r t i c l e  of u n i t  

mass and r '  i s  t h e  l a r g e s t  mass c a t a s t r o p h i c a l l y  fragmented by 

a  p r o j e c t i l e  of  u n i t  mass; u i s  t h e  mass of t h e  s m a l l e s t  p a r t i c l e  

p r e s e n t .  

The l a s t  term on t h e  r i g h t  hand s i d e  of E q .  3 .11  

i s  t h e  r a t e  a t  which o b j e c t s  a r e  c r e a t e d  i n  t h e  r e l e v a n t  mass 

range  by e r o s i v e  c o l l i s i o n s .  

w e  now d e r i v e  a  s i m p l e r  form of E q .  3 .11 ,  v a l i d  f o r  Large 

masses.  I t  can  r e a d i l y  b e  shown t h a t  a s  t h e  v a l u e  of t h e  mass m 

approaches  (T/r ' ) ( M , / A ~ )  , p a r t i c l e  c r e a t i o n  by e r o s i v e  c o l  l i s i o n s  

c e a s e s .  T h i s  happens because  t h e  l a r g e s t  e r o s i v e  p r o j e c t i l e ,  Mm/TvP 

c r a t e r s  o u t  of Mm a total mass of  rMm/rf, and t h e  largest individual 

o b j e c t  s o  formed i s  f r / r "  (Mm/ie)8 accord ing  to Eq. 3 , 4 ,  

Furt-herrncire, when rn apprcackaes M,/X , the crcat-i on 

tern  due  t o  c a t a s t r o p h i c  fragmentatran v a n i s h e s :  no c r ~ d t l o i i  

mechanism by c a t a s t r o p h i c  c o l l i s i o n s  i s  possible for masses 



g r e a t e r  t h a n  t h e  l a r ses t  fragment produced when Mm is d i s r ~ r p t e d  

c a t a s t r o p h i c a l l y .  

W e  now assume,  f o r  t h e  moment, t h a t  

The s i g n i f i c a n c e  o f  t h i s  a s sumpt ion  w i l l  b e  c o n s i d e r e d  l a t e r  

and i t  w i l l  b e  found  s a t i s f i e d  i n  t h e  c a s e s  o f  i n t e r e s t  i n  t h i s  

s t u d y  . 
Then, w e  can w r i t e ,  f o r  rn < M,/X, 

T h i s  i s  t h e  c o l l i s i o n  e q u a t i o n  f o r  masses  n e a r  t h e  l i m i t i n g  

v a l u e  M m ;  i t  o n l y  c o n t a i n s  t h e  c o n t r i b u t i o n  o f  e r o s i v e  m a s s  

r e d u c t i o n  and o f  c a t a s t r o p h i c  c o l l i s i o n s .  

4 . 0  S7'EADSi STATE SOLUTION F O R  SMALL MASSES 

4 . 1  S t e a d y  S t a t e  S o l u t i o n  

The g e n e r a l  s o l u t i o n  of t h e  c o l l i s i o n  e q u a t i o n  

( E q ,  3 . 1 1  and 1 4 )  i s  d i f f i c u l t  t o  o b t a i n .  W e  s h a l l ,  t h e r e f o r e ,  

solve i t  f o r  an  i m p o r t a n t  s p e c i a l  c a s e .  W e  s h a l l  show that a  s t e a d y  

s t a t e  solution exists and is  u n i q u e ;  this s o l u t i o n  i s  identical 

with the r e s u l t  o f  D (I) , 

In the absence of a source  to r e p l e n i s h  the l a rges t  

asteroids (Eq, 3 - 1 4 ]  t h e  number of objects s l a  a l l  f i r i i i e  m a s s  

r anges  w i l l  go  e v e n t u a l l y  ts zero.  



Also,  according t o  E q .  3.11 and 1 4 ,  it fo l lows  

from Eq. 4 . 1  t h a t  

l i m  a f ( m , t )  = 
a t  m > 0, t-t m 

Thus, t h e  time r a t e  of change i n  t h e  p a r t i c l e  number d e n s i t y  

goes smoothly t o  ze ro  a s  t + m ,  i n d i c a t i n g  t h a t  no co l l apses  

o r  o t h e r  d i s c o n t i n u i t i e s  occur  a s  t + m .  

We a l s o  no te  t h a t  Eq. 4 . 1  imp l i e s  4 . 2  f o r  a l l  

masses b u t  v i c e  v e r s a  Eq.  4 . 2  does n o t  imply Eq.  4 . 1  f o r  

masses sma l l e r  than M m / X .  Indeed, i f  t h e  t ime d e r i v a t i v e  

af ( m , t > / a t  goes t o  zero much f a s t e r  than  f ( m , t )  f o r  smal l  

masses, t h e  s o l u t i o n  of t h e  homogeneous equa t ion  (obta ined 

by l e t t i n g  a f / a t  = 0 i n  equa t ion  3.11) g i v e s  a f i r s t  

approximation t o  t h e  s o l u t i o n  a s  t + m .  The s i g n i f i c a n c e  of 

t h i s  approximate s o l u t i o n  becomes c l e a r e r  i f  we no te  t h a t  t h e  

cond i t i on  

l i m  a f  ( m , t )  = 
t + m  a t  

means t h a t  a  cons t an t  T e x i s t s ,  such t h a t  

for sufficiently large t, Whence if Eq. 4 . 3  is s a t i s f i e d ,  

the homogeneous equation obtained from E q .  3-11 by letting 

a f ( m , t ) / a t  = 0 i s  a reasonable  f i r s t  approximation as t + m .  



4.2 Ser ies  S o l u t i o n  for Small Masses 

A s s w i n g  t h a t  Eq. 4 . 3  i s  s a t i s f i e d ,  we o b t a i n  a  f i r s t  

approximation f o r  t h e  number d e n s i t y  of p a r t i c l e s ,  by so lv ing  

t h e  homogeneous ve r s ion  of Eq. 3 , l l  r e s u l t i n g  from s e t t i n g  

a f ( m , t ) / a t  equa l  t o  zero.  I t  then fol lows t h a t  t h e  va r ious  

c o l l i s i o n a l  p rocesses  ba lance ,  i . e . ,  t h e  r a t e  of removing 

o b j e c t s  by c o l l i s i o n s  from a given mass range equa ls  t h e  r a t e  

of supply ing  o b j e c t s  i n t o  t h i s  mass range by t h e  c o l l i s i o n a l  

f ragmentat ion of l a r g e r  o b j e c t s .  I t  i s  c l e a r  t h a t  such a  

s teady  s t a t e  s i t u a t i o n  can be a t t a i n e d  even i n  an approximate 

way only f o r  masses much sma l l e r  than Mm/X,  because i n  t h e  

range of l a r g e r  masses, from M,/X t o  M a ,  no f r e s h  o b j e c t s  a r e  

c r e a t e d  by f ragmentat ion and a l l  c o l l i s i o n s  decrease  t h e  number 

of o b j e c t s  i n  t h i s  mass range.  However, f o r  mathematical 

convenience w e  s h a l l  approximate t h e  s ta tement  m < <  Mm/A by 

t h e  mathematically s t r o n g e r  s t a t emen t ,  

Mm + ( 4 . 4 )  

I n  o rde r  f o r  E q .  3.1% t o  be v a l i d ,  it is  a l s o  necessary 

t h a t  m > >  r". For  m ,$ r t p  a l l  c o l l i s i o n s  a r e  c a t a s t r o p h i c  i n  

t h e  framework of  t h e  p r e s e n t  model and t h e  i n f luence  of 

e ros ion  on ou r  model i s  expressed by a  d i f f e r e n t  mathematical  

relation. We s h a l l  t ake ,  t h e r e f o r e ,  t h e  mathematically s t r o n g e r  

s t a t e m e n t ,  



A f t e r  d i s c u s s i n g  t h e  s o l u t i o n  f o r  t h e  u n l i m i t e d  

p o p u l a t i o n  c h a r a c t e r i z e d  by Eq.  4 .4  and 4.5, w e  s h a l l  r e l a x  

E q ,  4 . 4  and d i s c u s s  i n  t h e  n e x t  s e c t i o n  t h e  i n f l u e n c e  of a  

f i n i t e  l i m i t i n g  mass Ma on t h e  d i s t r i b u t i o n .  

S i n c e  power law f u n c t i o n s  s u c c e s s f u l l y  approximate 

t h e  d i s t r i b u t i o n  of  i n t e r p l a n e t a r y  p a r t i c l e s  o v e r  v a r i o u s  mass 

r a n g e s ,  a  t r i a l  s o l u t i o n  o f  t h e  form, 

-a f  (m) = Am (4 .6 )  

was a t t empted  i n  D-I. It  was found t h a t  w i t h  a - " 11/6, E q .  4.6 

s o l v e s  t h e  homogeneous p a r t  o f  E q .  3.11 f o r  t h e  u n l i m i t e d  

d i s t r i b u t i o n ,  E q .  4 .4  and 4.5. 

I n  an  e f f o r t  t o  examine t h e  uniqueness  of  t h e  s o l u t i o n  

E q .  4.6 and t o  f i n d  a l t e r n a t e  s o l u t i o n s  i f  t h e y  e x i s t ,  w e  u s e  

h e r e  a  s y s t e m a t i c  method f o r  s o l v i n g  t h e  homogeneous p a r t  of 

Eq .  3 .11 w i t h  t h e  c o n d i t i o n s  E q .  4 . 4  and 4 . 5 .  

W e  l e t ,  

where f ( m )  i s  p o s i t i v e  d e f i n i t e  f o r  0 - < m - < and where t h e  

complex numbers a  and 6 dependent  on j ,  a r e  t o  b e  de termined 
j j ' 

from t h e  boundary c o n d i t i o n s  of t h e  problem. A p r i o r i ,  t h e  

series i n  E g ,  4,9  may be an i n f i n i t e  s e r i e s  o r  a polynomial ,  

depending on whether  t h e  nuPnbers j form an i n f i n i t e  o r  a  f i n i t e  

sequence, 



W e  s u b s t i t u t e  Eq.  4 ,7  i n t o  t h e  homogeneous p a r t  of 

Eq. 3 .11  and, under  t h e  boundary c o n d i t i o n s  Eq. 4 . 4  and 5 w e  

o b t a i n  an  e x p l i c i t  e q u a t i o n  f o r  t h e  c o e f f i c i e n t s  a  and exponents  
j 

6 i n  Eq. 4 . 7 .  D e t a i l e d  d e r i v a t i o n  of  t h e  r e s u l t i n g  e q u a t i o n  
j 

i s  g i v e n  i n  Appendix A;  t h i s  e q u a t i o n  has  t h e  form, 

where 

and where t h e  q u a n t i t i e s  i n s i d e  t h e  s q u a r e  b r a c k e t s  a r e  d e f i n e d  

by Eqs. A-3, 6 ,  10 ,  and 1 3  of  Appendix A .  

W e  l e t  

where a i s  some c o n s t a n t .  

Equa t ing  t h e  c o e f f i c i e n t s  of  l i k e  powers of m i n  

Eq. 4 . 8  t o  z e r o  g i v e s  

The t e r m  d e f i n e d  by n  = 0 g i v e s  a n  i n d i c i a 1  e q u a t i o n ,  



where o n l y  t h e  l e a d i n g  t e r m s  have been r e t a i n e d ,  as d i s c u s s e d  

i n  Appendix A .  The c o n d i t i o n s  

( A 4 )  R ( 6 [ )  > 5/3 

(A8) R ( 6 .  + 6 t )  > TI + 5 / 3  
7 

(Al5) R ( 6 p )  < 2 

5  and t h e  f a c t  t h a t  I" i s  a  l a r g e  number (of  t h e  o r d e r  of  l o 4  - 10 ) 

have a l s o  been used t o  o b t a i n  Eq .  4.12. The e x p r e s s i o n s  i n s i d e  

t h e  b r a c k e t s  i n  Eq. 4.12 a r e  t h e  r e s p e c t i v e  c o n t r i b u t i o n s  o f  

c a t a s t r o p h i c  c o l l i s i o n s ,  c a t a s t r o p h i c  c r e a t i o n ,  e r o s i v e  c r e a t i o n  

and e r o s i o n .  The l a t t e r  two e x p r e s s i o n s  a r e  s m a l l  because  

I' < <  r '  and have on ly  been i n c l u d e d  f o r  t h e  s a k e  of  comple teness .  

The remarkable  p r o p e r t y  of Eq. 4.12 i s  t h a t  it h a s  

t h e  n o n - t r i v i a l  s o l u t i o n ,  

a = 11/6 (4 .13)  

f o r  which t h e  c a t a s t r o p h i c  and e r o s i v e  p r o c e s s e s  b a l a n c e  

i n d i v i d u a l l y  i. e . ,  t h e  sum of  t h e  f i r s t  two terms a s  w e l l  

a s  t h e  s um o f  t h e  l a s t  two terms i n d i v i d u a l l y  e q u a l s  ze ro .  

I t  was shown i n  D-I t h a t  i f  t h e  n e g l e c t e d  t e r m s  

a r e  i n c l u d e d  i n  E q .  4 .12,  t h e  r e s u l t  i s  o n l y  a  s m a l l  p e r t u r b a t i o n  

on a .  The s o l u t i o n  t o  t h e  l e a d i n g  terms of  t h e  i n d i c i a l  e q u a t i o n  

E q .  4.13, a s  w e l l  a s  t h e  cor respond ing  s o l u t i o n  t o  t h e  complete 

i n d i c i a l  e q u a t i o n  were shown i n  D - I  t o  b e  t h e  one and on ly  

s o l u t i o n  f o r  r e a l  v a l u e s  of a t h a t  s a t i s f y  t h e  c o n d i t i o n s  Eq. A - 4 ,  

E l ,  and 15, 



W e  s h a l l  p r e s e n t l y  show t h a t  t h e  r e a l  part sf 6-n 
j 

E q .  4.10 must b e  ze ro .  ObviousLy, t h e  expansion of f ( m ) ,  Eq.  4.9 

i s  e i t h e r  t h e  sum o f  a n  i n f i n i t e  o r  a  f i n i t e  number of  t e r m s .  

I f  it i s  an i n f i n i t e  series, t h e n  a c c o r d i n g  t o  Eq. 4.10, t h e  

c o n d i t i o n  E q .  A-15 w i l l  b e  v i o l a t e d  f o r  s u f f i c i e n t l y  l a r g e  

v a l u e s  of j .  I t  t h e r e f o r e  f o l l o w s  t h a t  t h e  power series,  

E q .  4 . 9  and Eq .  4.10 must b e  a  f i n i t e  polynomial .  I f ,  however, 

- 6 ' j a  
f  ( m )  i s  a polynomial  i n  m , t h e n  f o r  m + 0 o r  f o r  m -+ 

some t e r m  i n  t h e  polynomial  o t h e r  t h a n  m-" w i l l  dominate and 

we have ,  

- 6 ' j - "  f  ( m )  -+ c o n s t a n t  m ( 4 . 1 4 )  

I n  view, however, o f  t h e  uniqueness  of  a  ( o r  t h e  cor respond ing  

s o l u t i o n  of  t h e  complete e q u a t i o n )  Eq. 4 . 1 4  cannot  be s a t i s f i e d  

f o r  r e a l  6 ' .  

I f  6 '  i s  complex, s a y  

where i = E, E q .  4 . 1 4  becomes 

f  (rn) + c o n s t a n t  m'xj-" { c o s  ( y  . l n  Em] + 
7 

(4 .16)  

+ i s i n  ( y  . l n  [ml ) I 
3 

which e x p r e s s i o n  i s  n o t  p o s i t i v e  d e f i n i t e  and i s  t h e r e f o r e  n o t  

a p h y s i c a l l y  a d m i s s i b l e  s o l u t i o n .  I t  t h e r e f o r e  f o l l o w s  t h a t  

5 ' m u s t  b e  zero an& the exponent  a must  be r e a l ,  



W e  conc lude  t h a t  

-0. f ( m )  = a,m ( 4 . 1 9 )  

w i t h  r e a l  a ,  and a i s  t h e  on ly  p h y s i c a l l y  a d m i s s i b l e  s o l u t i o n  

t h a t  can be  expanded i n t o  a  Tay lo r  series i n  m. The parameter  

a i s  approximate ly  11/6 and can b e  o b t a i n e d  more p r e c i s e l y  by 

numer ica l ly  s o l v i n g  Eq. 4 . 1 1  w i t h  n  = 0 .  

5 . 0  SOLUTION FOR LARGE MASSES 

5.1 Asymptotic  Form of t h e  C o l l i s i o n  Equa t ion  f o r  Large Masses 

I n  t h e  p r e c e d i n g  s e c t i o n s ,  w e  o b t a i n e d  a  s t e a d y - s t a t e  

s o l u t i o n  f o r  t h e  c o l l i s i o n  e q u a t i o n  ( E q .  3 . 1 1 ) ,  f o r  s m a l l  

masses m < <  Mm. W e  s h a l l  i n  t h i s  s e c t i o n  examine t h e  

i n f l u e n c e  o f  a  f i n i t e  l i m i t i n g  mass Mm on t h i s  s o l u t i o n .  

W e  do s o  by o b t a i n i n g  a n  approximate s o l u t i o n  v a l i d  f o r  s m a l l  

masses ( m  < <  Moo) a s  w e l l  a s  l a r g e  ones  (m .L Mm) .  

W e  n o t e  a g a i n  t h a t  t h e  c h i e f  d i f f e r e n c e  between t h e  

number d e n s i t y  o f  s m a l l  masses and l a r g e  ones  i s  t h a t  f o r  l a r g e  

enough masses t h e  c r e a t i o n  by f r a g m e n t a t i o n  p r o c e s s e s  i s  no 

l o n g e r  s u f f i c i e n t  t o  r e p l e n i s h  t h e  o b j e c t s  removed from a  g i v e n  

mass range  by c o l l i s i o n s  and a  n e t  change i n  t h e  p a r t i c l e  

p o p u l a t i o n  r e s u l t s .  I t  i s  t h e r e f o r e  c l e a r  t h a t ,  a s  m -+ M m ,  

t h e  t ime  d e r i v a t i v e  of t h e  number d e n s i t y  a f ( m , t ) / a t  can no 

l o n g e r  b e  assumed n e g l i b l e  i n  comparison w i t h  t h e  c o l l i s i o n  t e r m s  

I t  t h u s  becomes n e c e s s a r y  t o  s o l v e  t h e  complete t i m e  dependent  

equation, That task i s ,  however, d i f f i c u l t  and w e  s h a l l  d e r i v e  

a n  approximate f o r m  for the time dependent  equation t h a t  can 

r e a d i l y  be s o l v e d  f o r  t h e  rider d e n s i t y  f u n c t i o n  f ( m , t ) .  



with  

We first n o t e  that a rimer density of the form 

f i t s  remarkably w e l l  t h e  o b s e r v a t i o n a l  d a t a  of l a r g e  a s t e r o i d s  

F i g .  1 I t  has been shown i n  D - I  t h a t  f o r  such a  d i s t r i b u t i o n ,  

t h e  e r o s i v e  c o n t r i b u t i o n  t o  t h e  c o l l i s i o n  equa t ion  i s  smal l  i n  

comparison wi th  t h e  c o n t r i b u t i o n  of c a t a s t r o p h i c  c o l l i s i o n s .  

We s h a l l ,  t h e r e f o r e ,  d i s r e g a r d  t h e  c o n t r i b u t i o n  of e ros ion  t o  

t h e  evo lu t ion  of t h e  popula t ion  of l a r g e  a s t e r o i d s .  I t  has  

a l s o  been shown i n  D - I  t h a t  f o r  a  populat ion of  t h e  form 

E q .  5 .1  and 5 .2  t h e  dominant c o n t r i b u t i o n  t o  af (m,  t ) / a t  a r i s e s  

from c o l l i s i o n s  wi th  much sma l l e r  o b j e c t s  provided t h a t  ( r  ' )  a-1 > >  1. 

Since  I' ' i s  of t h e  o rde r  of l o 4  t o  l o 5  and a = 11/6, we see 

t h a t  t h i s  i n e q u a l i t y  i s  s a t i s f i e d .  

Using t h e s e  cons ide ra t ions ,  we o b t a i n  t h e  approximate 

l i n e a r  eaua t ion  



f o r  

and where t h e  c o n t r i b u t i o n  of masses i n  t h e  range M,/X t o  

M m  has been neg lec ted  from t h e  c r e a t i o n  term. 

The upper bound, Eq.  5.4,  on t h e  range of v a l i d i t y  

of Eq. 5 .3  fo l lows  because t h e  l a r g e s t  mass t h a t  can be 

2 c r e a t e d  by t h e  d i s r u p t i o n  of Mm/X i s  Mm/A . The f ragmenta t ion  

2 term i n  E q .  5.3 t h e r e f o r e  van ishes  f o r  masses m > Mm/A . 
The f i r s t  t e r m  on t h e  r i g h t  hand s i d e  of Eq. 5 .3  i s  

t h e  r a t e  a t  which f ( m , t )  changes wi th  time because of c o l l i s i o n s  

wi th  p o i n t  o b j e c t s  capable  of d i s r u p t i n g  o b j e c t s  wi th  masses 

i n  t h e  range m t o  m + dm. Correc t ions  t o  Eq. 5 . 3  because o f -  

t h e  f i n i t e  s i z e  of t h e  p r o j e c t i l e  masses a r e  q u i t e  smal l  f o r  t h e  

d i s t r i b u t i o n s  we s h a l l  cons ider ;  we approximate t h e  number d e n s i t y  

of p r o j e c t i l e s  by ~ m - ~  with a obta ined  from a  s t eady  s t a t e  

s o l u t i o n  of masses f a r  away from Ma.  

The second t e r m  on t h e  r i g h t  hand s i d e  of E q .  5 .3  i s  

t h e  r a t e  of change of f ( m , t )  because of t h e  c r e a t i o n  of o b j e c t s  

i n t o  t h e  mass range m t o  m + dm. The c r e a t i o n  by c a t a s t r o p h i c  

f ragmentat ion term i s  dominated by t h e  r a t e  a t  which t a r g e t  

o b j e c t s  wi th  number d e n s i t y  f ( m , t )  a r e  c a t a s t r o p h i c a l l y  impacted 

by smaller p r o j e c t i l e  o b j e c t s  with a number dens i t y  AM-'. 

C l e a r l y ,  t h i s  creat ion  t e r m  approaches 0 as m + M,/X, 

We have neglected i n  E q ,  5 . 3  the c o n t r i b u t i o n  to 

the p a r t i c l e  crea t ion  by fragmentation of objects having masses 



g r e a t e r  than  & ? _ / A .  Since we s h a l l  be mainly i n t e r e s t e d  i n  

s o l u t i o n s  of t h e  c o l l i s i o n  equa t ion  f o r  X c l o s e  t o  one,  t h i s  

approximation i s  reasonable .  

I t  i s  e a s i l y  seen t h a t  5.3 can be solved by using t h e  

method of t h e  s e p a r a t i o n  of v a r i a b l e s .  L e t ,  a s  a  mathematical  

device ,  

f (m,  t) = -m dW (m) a-rl-2'3 T (t) dm 

S u b s t i t u t i n g  Eq. 5.5 i n t o  Eq.  5 . 3  g i v e s ,  a f t e r  

i n t e g r a t i o n  and rearrangement of t e r m s :  

and 

where C i s  t h e  cons t an t  a r i s i n g  from t h e  s e p a r a t i o n  of v a r i a b l e s  

and t h e  approximation ( r '  ) > >  1 has been used. The p h y s i c a l  

s i g n i f i c a n c e  of C can be r e a d i l y  seen by no t ing  t h a t  f o r  

2 
m = M_/A E q .  5.7 becomes 

S i n c e  

dW (m) 
P 

dm l r n =  ~ _ / h  
2 f o  

it follows t h a t  



i s  an  e f f e c t i v e  " c u t - o f f  mass" r a i s e d  t o  t h e  power i n d i c a t e d .  

The q u a n t i t y  C i s  a  s c a l i n g  c r i t e r i o n  and de te rmines  whether  

a c e r t a i n  mass m i s  l a r g e  o r  s m a l l ,  depending on i t s  numer ica l  

v a l u e  r e l a t i v e  t o  C l / ( - a  + 5/3) ; i . e . ,  i f  

t h e n  m i s  s m a l l  and, t o  a  good approximat ion ,  Eq. 5.7 r e d u c e s  

t o  4 . 9  w i t h  t h e  e r o s i o n  t e r m s  d i s r e g a r d e d .  For  s u f f i c i e n t l y  

s m a l l  masses t h e n ,  t h e  s o l u t i o n  of  Eq. 5.7 f o r  f ( m , t )  approaches  

a s y m p t o t i c a l l y  t h e  s o l u t i o n  o f  Eq. 4 . 8  ( o r  4 . 1 2 ) .  

W e  now s o l v e  Eq. 5.7 f o r  t h e  s i m p l e  c a s e *  

x = 1. 

W e  now l e t  

$ = W ( m )  - W ( M w ) ;  ( 5 .13)  

u s i n g  E q .  5.12, 1 3  w e  can e x p r e s s  Eq. 5.7  i n  t h i s  form 

( m + 5 / 3 - ~ )  d+/dm + (2-n)m + ( m )  = 0 .  ( 5 . 1 4 )  
-a + 2/3 

T h i s  i s  r e a d i l y  s o l v e d  f o r  4 ;  t h e  r e s u l t  i s  

4 ( m )  = $, (m - a  + 5/3 -c) - ( 2 - ~ ) / ( - a  + 5/3) (5 .15)  

*The g e n e r a l  s o l u t i o n  w i t h  a r b i t r a r y  A b u t  i n f i n i t e  C has  been 

d i s c u s s e d  e l sewhere  by chu ( 1 9 7 0 ) .  H e  h a s  proven t h e  i n t e r e s t i n g  
. a7 
P 

r e s u l t  t h a t  f o r  1 < X i e - 2-' t h e  g e n e r a l  s o l u t i o n  of E q .  5 . 7  

w i t h  G = is OF the form E q ,  4-17 w i t h  a = Ll. /6.  



and us ing  E q ,  5 - 5  and 5 , % 3 ,  we get 

2-17 - 1 
0-1113 (1-c m a-5/3) a-5/3 f  (m, t) = m f oT ( t)  . 

where 

To o b t a i n  t h e  t i m e  dependent  f u n c t i o n  T ( t ) ,  w e  

n o t e  t h a t  E q .  5.16 s h o u l d  approach,  

f + A m-a a s  m/Mm -+ o (5.17) 

and whence, t h e  n o r m a l i z a t i o n  f a c t o r  A shou ld  have t h e  same 

t i m e  dependence a s  T ( t ) .  From E q s .  5 .3,  1 6  and 1 7  w e  o b t a i n  

T ( t )  = A ( t ) ,  fo = 1 (5.18)  

and,  from Eq.  5.6 w e  g e t ,  

where A. i s  t h e  v a l u e  o f  A ( t )  a t  t i m e  t = 0 and,  

i s  c o n s t a n t .  

I t  can  be  shown ( D - I )  t h a t  

where 1 / ~ ~  i s  t h e  dominat ing  t e r m  of  t h e  p r o b a b i l i t y  p e r  u n i t  

t i m e  f o r  any of t h e  l i m i t i n g  masses Ma t o  undergo a  c a t a s t r o p h i c  

c o l l i s i o n  (cf E q .  6 4  of B - I ) ;  a i s  t h e  v a l u e  of A ( t )  a t  t h e  

p resen t  t i m e .  S i n c e  T ( t )  i s  a monoton ica l ly  decreas ing  f u n c t i o n  

o f  time, it is clear (from Eq.  5.191 that fo r  long  times E q ,  4 . 3  

i s  s a t i s f i e d  and ou r  a sympto t i c  formulae are j u s t i f i e d ,  



Collecting terms, we g e t ,  

where A (  t) i s  g i v e n  by Eq. 5.19. 

Using Eq. 5.17 and 22  w e  conc lude  t h a t  

- a = a - 11/3 

and hence 

a = 11/6 

i s  t h e  s e l f - c o n s i s t e n t  s o l u t i o n  o f  t h e  problem. 

6.0 DISCUSSION AND CONCLUSIONS 

The main a n a l y t i c a l  r e s u l t  of  t h i s  p a p e r  i s  t h a t  t h e  

number d e n s i t y  f  ( m )  o f  a s t e r o i d s  i s  

1/6 
6 (2-11) -1 

f (m) = Am (6 .1 )  

where w e  have used Eqs. 5.10, 16 ,17 ,and  24. For  masses t h a t  

a r e  s m a l l  i n  comparison w i t h  Mm t h e  q u a n t i t y  w i t h i n  t h e  c u r l y  

b r a c k e t s  h a s  a  v a l u e  ve ry  c l o s e  t o  one.  Eq. 6 . 1  i s  v a l i d  

on ly  i f  a  long  p e r i o d  of t i m e  h a s  e l a p s e d  s i n c e  t h e  c r e a t i o n  

of t h e  a s t e r o i d a l  p o p u l a t i o n ,  t o  t h e  e x t e n t  t h a t  t h e  s p e c i f i c  

form o f  the i n i t i a l  d i s t r i b u t i o n  h a s  been o b l i t e r a t e d  and 

t h e  r e s u l t i n g  d i s t r i b u t i o n  i s  t h e  a s y m p t o t i c  l i m i t  f o r  long  

t i m e s .  

F o r  masses that a r e  v e r y  much s m a l l e r  t h a n  M m  

t h e  distribution i s  a power law t ype  with exponent  - P 1 / 6  

and  i s  independen t  of ,,, For large masses, close to M m ,  t h e  

d i s t r i b u t i o n  i s  no l o n g e r  a s i m p l e  power law t y p e  and depends 

o n  t h e  v a l u e  of n .  



E q ,  6-3. h a s  been derived for  t h e  condition h = % 

(cf E q s .  3 . 4 ,  5.5, and 5 . 1 2 ) .  Th is  means t h a t  t h e  l a r g e s t  

p o s s i b l e  fragment i n  c a t a s t r o p h i c  c o l l i s i o n  i s  t h e  t o t a l  

e j e c t e d  mass Me. For smal l  p r o j e c t i l e s ,  t h e  p r o j e c t i l e  mass 

may be neg lec ted  and X = 1 means t h a t  t h e  l a r g e s t  p o s s i b l e  

fragment i s  t h e  mass of t h e  t a r g e t  o b j e c t  i t s e l f .  

The s i m p l e s t  way t o  compare Eq .  6 .1  w i th  observa t ion  

i s  t o  i n t e g r a t e  it and o b t a i n  t h e  cumulative number of a s t e r o i d s  

N(M) having a  mass m o r  g r e a t e r .  

The r e s u l t  i s  F igu re  2 .  Th is  i s  a  r e p e t i t i o n  of Figure  1 

with  p l o t s  of Eq.  6 . 2  ( f o r  va r ious  va lues  of n )  superposed. 

A va lue  of 1.86 x l o 2 '  Kg(g = 4 )  has been taken f o r  Mm and a 

va lue  i s  used for A t h a t  b r ings  N ( m )  i n t o  agreement wi th  t h e  

observed cumulative number a t  g  = 9.  

I t  can be seen  from t h e  f i g u r e  t h a t  a  f ragmentat ion 

index n = lL/6 provides  e x c e l l e n t  agreement between theory 

and obse rva t ion .  The  agreement i s  a l s o  good f o r  TI = 23/12 

and T-I = 5/3; i n  t h e  former case  t h e  observed number of l a r g e  

a s t e r o i d s  i s  somewhat overes t imated and i n  t h e  l a t t e r  c a s e  it 

i s  somewhat underest imated.  The curve  f o r  YI = 3/2  shows t h a t  

t h e  agreement w i t h  observation begins  to de te r io ra te ;  fo r  

t h i s  ease the observed nu&er o f  large as teroids  is substant~ally 

u n d e r e s t i m a t e d ,  



Experimental va lues  f o r  n have, however, been 

ob ta ined  f o r  o b j e c t s  whose cohesive  energy was much g r e a t e r  

than t h a t  of a s t e r o i d s .  S ince  t h e  s u r f a c e  t o  volume r a t i o  

decreases  wi th  t h e  size of an o b j e c t ,  one might expec t  t h a t  

t h e  r e l a t i v e  number of smal l  fragments i s  g r e a t e r  when a  l a r g e  

o b j e c t  of t h e  o r d e r  of k i lometers  i s  s h a t t e r e d  than i s  t h e  

case  when an o b j e c t  of t h e  o rde r  of cen t ime te r s  i s  s h a t t e r e d .  

It appears  then ,  keeping o t h e r  v a r i a b l e s  f i x e d ,  t h a t  TI would 

tend toward a h ighe r  va lue  f o r  l a r g e  t a r g e t  masses. Considerat ion 

of t h i s  e f f e c t ,  t h e r e f o r e ,  g ives  f u r t h e r  suppor t  t o  our  r e s u l t s .  

Using t h e  par t ic les- in-a-box approach, an empi r i ca l  

power-law-type comminution law wi th  a c o n s t a n t  exponent TI 

and s c a l i n g  parameters r ,  r ' ,  h and h l ,  we have der ived  a  

s t o c h a s t i c  model of a s t e r o i d a l  c o l l i s i o n s .  I t  was shown 

t h a t ,  a f t e r  a  s u f f i c i e n t l y  long t i m e ,  a s t e r o i d s  may reach t h e  

unique s teady  s t a t e  d i s t r i b u t i o n  der ived  i n  t h e  t e x t .  This  

d i s t r i b u t i o n  i s  shown t o  be i n  good agreement w i th  observa t ion  

by Kuiper e t  a %  (1958) . These r e s u l t s  imply then  t h a t  t h e  b e l t  

a s t e r o i d s  of Kuiper et a 1  (1958) a r e  i n  s t a t i s t i c a l  equ i l i b r ium 

w i t h  r e s p e c t  t o  t h e  va r ious  c o l l i s i o n a l  r a t e  p rocesses  d i scussed  

i n  t h e  t e x t ,  It does n o t  appear p o s s i b l e ,  t h e r e f o r e ,  t o  e s t i m a t e  

the age o r  the i n i t i a l  d i s t r i b u t i o n  s f  t h e  a s t e r o i d a l  popula t ion  

from the p r e s e n t  observational d a t a ,  

I 
I 
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APPENDIX 

This  appendix  d i s c u s s e s  t h e  d e r i v a t i o n  of  Eq. 4.9 i n  

t h e  main t e x t  by s u b s t i t u t i o n  of  t h e  s e r i e s  e x p a n s i o n ,  E q .  4 .7,  

r e p r e s e n t e d  a s  f o l l o w s ,  

c a t a s t r o p h i c  

( A .  1) 

The e x p l i c i t  form of  t h e  s e p a r a t e  terms i s  g iven  i n  t h e  main t e x t ,  

and w e  p r e s e n t  t h e s e  te rms now i n  expanded form, s u b j e c t  t o  t h e  

c o n d i t i o n s  Eqs. 4 . 4  and 4 . 5 ,  Mm + a and p + 0. We t h u s  o b t a i n  

where 



BELLCOMM, B N C  

prov ided  t h a t  

(A. 4 )  

where R deno tes  t h e  r e a l  p a r t .  

ge ( E q .  A.  3 )  i n c l u d e s  t h e  c o n t r i b u t i o n  o f  t h r e e  p r o c e s s e s .  

The f i r s t  te rm on t h e  r i g h t  hand s i d e  of  E q .  A.3 i s  t h e  c o n t r i b u -  

t i o n  o f  p r o j e c t i l e s  a b l e  t o  produce  c a t a s t r o p h i c  c o l l i s i o n s ,  

t r e a t e d  a s  g e o m e t r i c a l  p o i n t s .  The second t e r m ,  on t h e  r i g h t  hand 

s i d e  o f  E q ,  A . 3 ,  i s  t h e  c o n t r i b u t i o n  of  g r a z i n g  c o l l i s i o n s  d e f i n e d  

a s  c o l l i s i o n s  i n  which t h e  t a r g e t  o b j e c t  m would be missed i f  t h e  

p r o j e c t i l e  were a  p o i n t  p a r t i c l e .  These g r a z i n g  c o l l i s i o n s  g i v e  

r i s e  t o  t h e  second t e r m  i n  E q .  A.3 t h a t  depends on t h e  p r o d u c t  of  

t h e  r a d i i  of  t h e  c o l l i d i n g  o b j e c t s  (second t e rm on t h e  r i g h t  hand 

s i d e  of E q .  A . 3 ) .  The l a s t  t e r m  (Eq.  A.3) r e p r e s e n t s  c a t a s t r o p h i c  

c o l l i s i o n s  where f i n i t e  s i z e d  p r o j e c t i l e s  a r e  impac t ing  p o i n t  

p a r t i c l e  t a r g e t s ,  m. 

I f  6 e  = 5 / 3 ,  t h e  r i g h t  hand s i d e  of  E q .  A . 3  can be shown 

t o  d i v e r g e  a s  I n  M,; f o r  6 < 5/3, t h e  d ive rgence  i s  even s t r o n g e r  
- 6  + 5/3 1 

(ETm 
.L . This  b e h a v i o r  i n d i c a t e s ,  t h a t  terms wi th  

6 < 5/3  axe dominated by masses n e a r  t h e  l i m i t i n g  mass of  t h e  e - 
d i s t r i b u t i o n  M,. S i n c e  t h e s e  l a r g e  masses do n o t  have a  s t e a d y  

s t a t e  d i s t r i b u t i o n ,  i t  fo l lows  t h a t  i f  t hey  dominate t h e  c o l l i -  

s i o n a l  processes f o r  s m a l l e r  ~ b j e e t s ,  t h e  distribution of t h e  

l a t t e r  w i l l  also be t r a n s i e n t ,  The condition Eq, 8.4 rs therefore 

n e c e s s a r y .  



Next ,  u s i n g  E q s ,  3 . 1 1 ,  4 . 4  and 4 . 7 ,  w e  o b t a i n  

where  

(A. 6 )  

w i t h  

and p r o v i d e d  that 

where 4 d e n o t e s  t h e  r e a l  p a r t .  

We n o t e  t h a t  QC i s  n o n - s i n g u l a r  b e c a u s e  each of  i t s  

terms c o n v e r g e s  t o  l n ( T s )  as  i t s  denomina to r  goes  t o  z e r o ,  S i n c e  

IS of the orde r  of - lo5 and by Eq. A.4, > 5/3, t h e  



f i r a t  t e r m  i n  Ql i s  d o m i n a n t .  Tile f a c t o r s  i n  Eq, A.5 m u l t i p l i e d  

by t h e  f i r s t  te rm i n  Qe, r e p r e s e n t  t h e  r a t e  of supply  i n t o  t h e  

mass range  m t o  m + dm by f r a g m e n t a t i o n  of t a r g e t  o b j e c t s  w i t n  

mass l m  o r  g r e a t e r ,  by p r o j e c t i l e s  of  mass A m / r t  o r  g r e a t e r ,  

t r e a t e d  a s  p o i n t  masses ,  and n o t  c o n t r i b u t i n g  t o  t h e  t o t a l  mass 

of f r agments .  The o t h c r  terms i n  Ql a r e  s m a l l e r  c o r r e c t i o n s  due 

t o  g r a z i n g  c o l l i s i o n s  and f i n i t e  p r o j e c t i l e  mass. 

The c o n d i t i o n  Eq. A . 8  i s  n e c e s s a r y  because  Eq. A . 5  

d i v e r g e s  f o r  6 + 2 q + 5/3 f o r  M, -+ rn. I f  TI were g r e a t e r  t h a n  
j 

p e r m i t t e d  by Eq. A.8, an e x c e s s i v e  amount of  s m a l l  d e b r i s  would 

be c r e a t e d ,  and i n  any f i n i t e  mass range  t h e  p o p u l a t i o n  c o u l d  n o t  

be r e p l e n i s h e d  a t  t h e  r e q u i r e d  r a t e  t o  s u s t a i n  a  s t e a d y  s t a t e .  

The n e x t  te rm i n  E q .  A . l  i s  

and 

6 + 6 - 8/3 -6 -6 + 11/3 
r j  .t P = K ( 2 - r l )  X 

j  r 
jr 6  + 6  P 

j l 

w h e r e  

( A .  9 )  

a n d  where t h e  b o u n d a r y  c o n d i t i o n s  Eqs, A . 4  a n d  A,8 a r e  a s s u m e d  

s a t i s f i e d .  



Because of Eq, A.4, the first term on the right hand 

s i d e  of E q .  A . 1 1  dominates .  Th i s  i s  t h e  c o n t r i b u t i o n  t o  t h e  

c r e a t i o n  r a t e  of  o b j e c t s  i n  t h e  mass range  m t o  m + dm by p o i n t  

p a r t i c l e  p r o j e c t i l e s  hav ing  masses e m / r  o r  g r e a t e r  e r o s i v e l y  

im2ac t ing  f i n i t e  s i z e d  t a r g e t s  having masses o f  r V h e m / r  o r  

g r e a t e r .  The remaining two terms o f  P ( E q .  A . l l )  a r e  s m a l l  1 

c o r r e c t i o n s  due t o  g r a z i n g  c o l l i s i o n s .  

F i n a l l y ,  

where 

and where 

and p rov ided  t h a t  

( A .  13 )  

( A .  I?) 

(A. 1 5 )  

w h e r e  R represenf-s  the rea l  part of the s u c c e e d ~ n g  expression, 



The dominant  t e rm i n  VL !.s t h e  f i r s t  one  on t h e  r i g h t  

hand s i d e  o f  E q .  A . 1 4 .  T h i s  i s  t h e  c o n t r i b u t i o n  o f  p o i n t  p r o -  

j e c t i l e s  w i t h  masses m / r '  o r  s m a l l e r ,  e r o s i v e l y  i m p a c t i n g  f i n i t e  

t a r g e t  o b j e c t s  i n  t h e  mass r a n g e  m t o  m + dm, t h e r e b y  r e d u c i n g  

t h e  number o f  o b j e c t s  i n  t h i s  mass r a n g e .  The o t h e r  two t e r m s  

d e f i n i n g  V ( E q .  A. 1 4 )  a r e  s m a l l  c o r r e c t i o n s  due t o  t h e  s m a l l  
L 

b u t  f i n i t e  s i z e  o f  t h e  small p r o j e c t i l e s .  

I f  t h e  c o n d i t i o n  E q .  A.15 i s  v i o l a t e d ,  E q .  A.12 can  b e  

showz t o  d i v e r g e  when u + o  and no  series s o l u t i o n  f o r  a  s t e a d y -  

s t a t e  d i s t r i b u t i o n  f a r  away from t h e  l i m i t  p e x i s t s .  P h y s i c a l l y ,  

t h i s  means t h a t  e r o s i o n  by s m a l l  p a r t i c l e s  w i l l  domina te  o v e r  

o t h e r  p r o c e s s e s  g i v i n g  r i se  t o  a  t r a n s i e n t  d i s t r i b u t i o n .  



FIGURE 1 - CUMULATIVE NUMBER OF ASTEROIDS HAVING AN ABSOLUTE PHOTOGRAPHIC 
MAGNITUDE g OR SMALLER (I.E. MASS rn OR GREATER).  
OBSERVED VALUE = SOLID LIME HISTOGRAM 
PROBABLE VALUE = DASHED L INE HISTOGRAM 
EARLIER THEORY (DQWNANYI, 1969) = SOLID CURVE 
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10- OBSERVED VALUE = SOL ID  L I N E  H I S T O G R A M  
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